Abstract. The aim of this research is the study of Gray curvature identities, introduced by Alfred Gray in [7] for the class of almost hermitian manifolds. As known till now, there is no equivalent for the class of almost contact manifolds. For this purpose we use the Boohby-Wang fibration and the warped manifolds construction in order to establish which identities could be satisfied by an almost contact manifold. An almost hermitian manifold which satisfies one of the three Gray identities has rich topological and geometric properties.
Introduction
In their paper [4] , the authors defined K iϕ -curvature identities (i = 1, 2, 3) for an almost contact metric manifold (M, ϕ, ξ, η, g) by using the usual Hermitian structure on M × R (the product manifold). It is known that both cosymplectic and Sasakian manifolds are natural odd-dimension versions for Kaehlerian manifolds. Gray proved in [7] that Kaehlerian manifolds satisfy K i , i = 1, 2, 3 (curvature identities for almost Hermitian manifolds). In the same spirit, in [4] it is shown that cosymplectic manifolds satisfy K iϕ -identities. We asked what happens with Sasakian manifolds? Recall that a Riemannian manifold (M, g) is Sasakian if the holonomy group of the metric cone on M : (C(M ) = R + × M, g = dt 2 + t 2 g) reduces to a subgroup of U [4] we will give another approach of Gray curvature identities for almost contact metric manifolds. 
Warped product manifolds
Singly warped products or simply warped products were first defined by Bishop & O'Neill in [1] in order to construct Riemannian manifolds with negative sectional curvature. Let (B, g B ) and (F, g F ) be Riemannian manifolds and let b : B −→ (0, ∞) be a smooth function. The warped product M = B × b F is the product manifold B × F endowed with the metric g = g B ⊕ b 2 g F . More precisely, if π : B × F −→ B and τ : B × F −→ F are natural projections, the metric g is defined by
The function b is called warping function. If b ≡ 1, then we have a product manifold.
If X, Y are tangent to B and Z, W tangent to F , then the Levi Civita connection ∇ of M is given by
where ∇ B and ∇ F are the Levi Civita connections on B, respectively on F , and ∇ B (ln b) is the gradient of ln b with respect to the metric g B .
Let (M, ϕ, ξ, η, g) be an almost contact metric manifold. Consider the warped product manifold M = R + × t M , where t is the global coordinate of R + , i.e. the metric g of M is defined by
Define an endomorphism on χ( M ) by (4)
where
The proofs of the following propositions are straightforward.
Proposition 2.1. J is an almost complex structure compatible with the metric g.
Proposition 2.2. The Levi-Civita connection ∇ of g is given by:
The covariant derivative of J is given by: 
Corollary 2.4. J is parallel if and only if
where R (respectively R) are the curvature tensors for g (respectively for g).
Proposition 2.6. Moreover, the following relations hold:
In the following we compute expressions of the form g( R(A, B)(JC), JD). The useful expressions are obtained in the following cases:
Theorem 2.7. M is (K1) if and only if
Remark 2.8. We immediately obtain (12) −→ (13) and (14) −→ (12).
Return to the formula (14). We interchange (ϕW, ϕZ)
As consequences we have
, where X, Y, Z and W are orthogonal to ξ. Definition 2.9. We say that an almost contact metric manifold satisfies (G1)-identity if its curvature tensor verifies ( * ). Three cases are essential:
It follows that the right side is equal to:
Since the left side vanishes, in this case we obtain
It follows that the right side is equal to
while the left side equals to:
We get
It can be proved that previous relation implies 16. Hence the statement.
As consequences one has
Definition 2.13. We say that an almost contact metric manifold satisfies (G2)-identity if its curvature tensor verifies ( * * ).
Theorem 2.14. The manifold M is (K3) if and only if
The essential cases are:
The left member vanishes and the right member is equal to R(ξ, ϕY, ξ, ϕW )−g(ϕW, ϕY ). We get
The left member vanishes and the right member is equal to R(ξ, ϕY, ϕZ, ϕW ). We get
The left member is equal to
and the right member is equal to
Hence (17) is proved. Remark that (17) implies both (18) and (19).
Definition 2.15. We say that an almost contact metric manifold satisfies G3-identity if its curvature verifies relation (17).
The Boothby Wang fibration
Let M a (2n + 1)-dimensional smooth manifold. A contact form on M is a 1−form η satisfying η ∧ (dη) n = 0.
We say that η endows on M a contact structure. It is clear that η induces an orientation on M and hence there exists a global non vanishing vector field ξ on M such that η(ξ) = 1. If ξ is regular in the sense of Palais (see [10] Let Ω the symplectic 2-form of N, we denote by G the associated metric, i.e. Ω(X, Y ) = G(X, JY ) with J the almost complex structure.
In the following, we denote by by X ↑ the lift of a vector field X ∈ χ(N ). X ↑ is a horizontal vector field of M . On M a (1, 1) tensor field ϕ can be defined, namely
We can easily see that
In this way, (ϕ, ξ, η) becomes an almost contact structure. The metric G can be lifted and hence one defines g on M as follows:
The metric g is compatible with the contact structure and ξ = η # .
Without loss of the generality one can suppose dη = π * Ω and thus we have
In this way, (ϕ, ξ, η, g) becomes a contact metric structure on M .
If the symplectic structure of N derives from a Kaehlerian structure (J, G), the obtained structure on M is Sasakian (i.e. contact and normal manifold). See e.g. [3] . But generally, a symplectic structure need not come from a Kaehlerian one. Yet, one can always find an almost Kaehlerian structure inducing it. In this case, the contact structure on the total space of a Boothby Wang fibration is K-contact, i.e. the vector field ξ is Killing, namely L ξ g = 0. It easily follows that the integral curves of ξ are geodesics.
It is easy to prove the relation
Denote by M ∇ and N ∇ the Levi Civita connections on M and N , respectively. We immediately have:
for any X, Y, Z ∈ χ(N ). For the vertical part we shall compute η(
We obtain that
In the following, we will ignore π, due to the isomorphism between the horizontal distribution of T (M ) and T (N ). Hence
In the same way, one can show
Denote by R M and R N the curvature tensors of M and N , respectively. Then
Suppose that the base manifold N satisfies Gray identities. What are the corresponding curvature identities for the upstairs manifold M ?
If N is (K 1 ) then
These relations are exactly the defined Gray identities for almost contact metric manifolds for vector fields orthogonal to ξ.
Properties and examples
In their paper [9] , D. Janssens and L. Vanhecke have studied curvature tensors for almost contact metric structures and defined almost C(α)−manifolds, namely those almost contact metric manifolds whose curvature tensor satisfies the following property:
This means that manifolds satisfying the first Gray identity (K 1ϕ ) in the sense of Bonome et al. are in fact C(0)-manifolds, while that manifolds satisfying (G1) are C(1)-manifolds. Note that cosymplectic, Sasakian and Kenmotsu manifolds are respectively C(0), C(1) and C(−1) manifolds (see Theorem 2.3, in [9] ).
Let us come back to Gray identities for an almost Hermitian manifold.
It is known that K1 ⇒ K2 ⇒ K3 (see [7] , §5). Consequently we have 
Combining with the fact that ξ belongs to the (κ, µ)-nullity distribution we obtain
We know that h anticommutes with ϕ and hence one gets κ = 1. But using Theorem 7.7, p. 103 in [3] it follows that M is a Sasakian manifold. If µ = 0 we immediately have κ = 1. (Cf. [8] .) H(p, 1) is connected, simply connected nilpotent Lie group of dimension 2n + 1. We will consider p = 2. A global system of coordinates (x 1 , x 2 , y 1 , y 2 , z) on H(2, 1) is defined by x i (a) = a i , y i (a) = b i for i − 1, 2 and z(a) = c. The global vector fields defined by
are left invariant. We take η = 1 2 (dz − x 1 dy 1 − x 2 dy 2 ) and the metric
By direct computations we obtain that dη = − 1 2 (dx 1 ∧ dy 1 + dx 2 ∧ dy 2 ) and ξ is the characteristic vector field, namely η(ξ) = 1 and i ξ dη = 0. Moreover, the basis defined above is orthonormal:
One has [X i , X j ] = 2ξ and the other brackets are equal to zero and therefore it is easy to verify the Levi-Civita connection is given by the following formulas:
, the other derivatives being zero. We compute also the Riemann-Christoffel curvature tensor field:
The other values are zero or can be obtained from these ones. Define ϕ by: ϕX 1 = cos θY 1 + sin θY 2 ϕX 2 = sin θY 1 − cos θY 2 ϕY 1 = − cos θX 1 − sin θX 2 ϕY 2 = − sin θX 1 + cos θX 2 and hence (M, g, ϕ, ξ, η) is an almost contact metric manifold.
Proposition 4.5. The structure is K-contact but not Sasakian.
On a Sasakian manifold, we should have ∇ X ξ = −ϕX which implies in our case θ = 0. So, in general, H(2, 1) is not a Sasakian manifold. Proposition 4.6. On H(2, 1) the G2 identity holds, while G1 identity doesn't.
Straightforward computations to prove G2. Moreover, a K-contact manifold on which G1 holds is necessarily Sasakian. This is not the case.
4.2.
Other examples. Let (N,ḡ, J) be an almost Hermitian manifold. Consider the warped product manifold M = R × f N , where f = f (θ) is the warping function and θ is the global parameter on R. Denote by g = dθ 2 + f 2 (θ)ḡ the Riemannian metric on M . Define also the global vector field ξ = ∂ ∂θ , the 1-form η = dθ and the (1, 1) tensor field ϕ by ϕX = JX if X is tangent to N and ϕ ∂ ∂θ = 0. Thus (ϕ, ξ, η, g) is an almost contact metric structure on M . If∇ and ∇ are the Levi Civita connections on N , respectively on M , we have
for all X, Y tangent to N .
The Riemann Christoffel curvature tensor is given by
In order to have one of the three curvature identities we immediately have
which implies that f = α cos θ + β sin θ with α and β real constants. Denoting by N the unit normal on M and let A be the Weingarten operator and h the scalar second fundamental form. As M is totally umbilical, we have that AX = βX, for all X tangent to M , with β ∈ C ∞ (M ).
It is well known the fact that on M we can define an almost contact metric structure (see e.g. [3] ). More precisely, we take ξ = −JN and for X ∈ χ(M ) we decompose JX as:
Let g be the restriction of the metric g on M . Denote by ∇ (respectively ∇) the Levi-Civita connection on M (respectively on M ). Then, by the formula of Gauss, one has
On the other hand we have ∇ X ξ = −J ∇ X N = JAX = ϕAX + η(AX)N . Hence ∇ X ξ = ϕAX and h(X, ξ) = η(AX).
Suppose now that M satisfies the (G3) identity. This implies that As X and ϕX are linearly independent (and belong to ker(η)), we obtain that β = ±1. We obtain that AX = ±X, and h(X, Y ) = ±g(X, Y ). For β = −1 it follows that (∇ X ϕ)Y = g(X, Y )ξ − η(Y )X.
By Theorem 6.14 in [3] this implies that M is Sasakian. with λ and µ smooth functions on M , i.e. M is totally quasi umbilical, and if M satisfies (G3) identity, then it is Sasakian. As consequence, there is no cylindrical submanifold satisfying (G3) and whose second fundamental form being h(X, Y ) = λη(X)η(Y ).
